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Ê ÂÎÏ�ÎÑÓ ÎÁ ÎÖÅÍÊÅ ÏÎ��ÅØÍÎÑÒÈ ÌÅÒÎÄÀ

ÂÛÒÅÑÍÅÍÈß

�àññìàòðèâàåòñÿ çàäà÷à êîíñòðóèðîâàíèÿ ÿâíîé �îðìóëû äëÿ ìàæîðàíòû ÷èñëîâîé ïîñëåäîâà-

òåëüíîñòè çàäàííîé ðåêóððåíòíûìè ñîîòíîøåíèÿìè. Çàäà÷è òàêîãî ðîäà âîçíèêàþò ïðè îöåíèâàíèè

ïîãðåøíîñòè ðåêóðñèâíûõ ìåòîäîâ âû÷èñëåíèÿ íåêîòîðûõ �óíêöèé äåéñòâèòåëüíîãî ïåðåìåííîãî.

Â ðàáîòå ïðåäëàãàåòñÿ ñïåöèàëüíûé ïîäõîä ê èññëåäîâàíèþ çàäàííûõ ðåêóððåíòíûõ ñîîòíîøåíèé,

íà îñíîâàíèè êîòîðîãî óñòàíîâëåíî, ÷òî ìàæîðàíòà çàäàåòñÿ âïîëíå êîíêðåòíîé �îðìóëîé è îòíî-

ñèòñÿ ê êëàññó ñóáýêñïîíåíöèàëüíûõ �óíêöèé.

Êëþ÷åâûå ñëîâà: ðåêóððåíòíîå ñîîòíîøåíèå, ðåêóðñèâíûé àëãîðèòì, �óíêöèÿ äåéñòâèòåëüíîãî

ïåðåìåííîãî, ïîãðåøíîñòü ìåòîäà, ñóáýêñïîíåíöèàëüíàÿ �óíêöèÿ.

1. Ââåäåíèå. Â [1℄ ïðåäëîæåí ìåòîä âûòåñíåíèÿ, êîòîðûé äëÿ íåêîòîðûõ �óíêöèé ϕ(x),
çàäàííûõ íà [0.5, 1), ïîçâîëÿåò êîíñòðóèðîâàòü ðåêóðñèâíûå îïðåäåëåíèÿ àïïðîêñèìèðóþùèõ

�óíêöèé ϕ̃(x). ×èñëåííûå ýêñïåðèìåíòû ïîçâîëÿþò ïðåäïîëîæèòü, ÷òî ïðåäâàðèòåëüíî ïîëó÷åí-

íàÿ îöåíêà ïîãðåøíîñòè ìåòîäà íóæäàåòñÿ â óòî÷íåíèè, ïðè÷åì åñòåñòâåííûì è åäèíñòâåííûì

�ðåçåðâîì� äëÿ óòî÷íåíèÿ ÿâëÿåòñÿ îöåíêà ÷èñëà ëèñòüåâ â äåðåâå ðåêóðñèè. Â íàñòîÿùåé ðàáî-

òå ðàçâèâàåòñÿ ïîäõîä, ïîçâîëÿþùèé îòêàçàòüñÿ îò ïðåäâàðèòåëüíîé ýêñïîíåíöèàëüíîé îöåíêè

óïîìÿíóòîãî ÷èñëà ëèñòüåâ.

2. Ìåòîä âûòåñíåíèÿ. Îïðåäåëèì ïîñëåäîâàòåëüíîñòü ÷èñåë A1, A2, . . . è ñâÿçàííóþ ñ íåé

ïîñëåäîâàòåëüíîñòü íåïåðåñåêàþùèõñÿ ïîëóèíòåðâàëîâ I2, I3, . . . :

Ak = (2k−1)/2k , Ik = [Ak−1, Ak) ⇒ [0.5, 1) = I2 ∪ I3 ∪ ... .

Ïîíÿòíî, ÷òî äëÿ ëþáîãî x ∈ [0.5, 1) íàéäåòñÿ öåëîå ÷èñëî z = z(x), òàêîå, ÷òî x ∈ Iz.
Åñëè n � �èêñèðîâàííîå öåëîå, òî ïîëóèíòåðâàë [0.5, 1) ìîæíî ïðåäñòàâèòü â âèäå äâóõ íåïåðå-

ñåêàþùèõÿ îáëàñòåé [0.5, An) = I2 ∪ · · · ∪ In è [An, 1) = In+1 ∪ In+2 ∪ · · · . Îáëàñòü [An, 1) åñòü
îêðåñòíîñòü 1, ïðè÷åì 1−An = 2−n

.

Ìåòîä âûòåñíåíèÿ ïðèìåíèì ê �óíêöèÿì ϕ(x), óäîâëåòâîðÿþùèì ëåäóþùèì äâóì òðåáîâà-

íèÿì. Âî-ïåðâûõ, çíà÷åíèå �óíêöèè ϕ äëÿ çàäàííîãî àðãóìåíòà x ∈ Iz ìîæíî âûðàçèòü ÷åðåç

çíà÷åíèÿ ϕ â òî÷êàõ Az (Az ∈ Iz+1) è x̃ (x̃ ∈ Iz+k äëÿ íåêîòîðîãî k > 0), ãäå

x̃ =

{
x/A2

z, åñëè x < A2
z,

x/Az, èíà÷å.

Âî-âòîðûõ, â îêðåñòíîñòè 1 ñóùåñòâóåò íåðåêóðñèâíàÿ àïïðîêñèìèðóþùàÿ �óíêöèÿ ϕa(x),
ϕ(x) ≈ ϕa(x). Ïåðâîå òðåáîâàíèå ïîðîæäàåò ðåêóðñèâíóþ ÷àñòü îïðåäåëåíèÿ ϕ̃(x), à âòîðîå �

åãî áàçîâóþ ÷àñòü. Ïðàêòè÷åñêîå ïðèìåíåíèå ðåêóðñèâíûõ �óíêöèé òàêîãî ðîäà íóæäàåòñÿ, â

÷àñòíîñòè, â îöåíêå ÷èñëà S(n) îáðàùåíèé ê �óíêöèè ϕa â õîäå âû÷èñëåíèÿ ϕ̃(x) äëÿ çàäàííîãî x.
Èñïîëüçîâàííàÿ â [1℄ îöåíêà S(n) 6 2n íå ó÷èòûâàåò îñîáåííîñòåé âû÷èñëèòåëüíîãî ïðîöåññà,

â õîäå êîòîðîãî äëÿ êàæäîãî ïîëóèíòåðâàëà Iz ðåêóðñèâíî ïîðîæäàþòñÿ äâà âèäà çàäà÷ âû÷èñ-

ëåíèÿ �óíêöèè ϕ â òî÷êàõ Iz. Çàäà÷è ïåðâîãî âèäà ñîñòîÿò â âû÷èñëåíèè ϕ âî âíóòðåííèõ òî÷êàõ

Iz; â õóäøåì ñëó÷àå x̃ ∈ Iz+1. Çàäà÷è âòîðîãî âèäà ñîñòîÿò â âû÷èñëåíèè çíà÷åíèé ϕ(Az−1) è, êàê
íåòðóäíî óñòàíîâèòü, Ãz−1 ∈ I2z. Òàêèì îáðàçîì, äåðåâî ðåêóðñèè [2℄ ñóùåñòâåííî îòëè÷àåòñÿ îò

ïîëíîñòüþ ñáàëàíñèðîâàííîãî áèíàðíîãî äåðåâà, ÷òî âëèÿåò íà îöåíêó ÷èñëà S(n).
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�àññìîòðèì ïðîöåññ âû÷èñëåíèÿ ϕ(x) è åãî íåêîòîðûå õàðàêòåðèñòèêè. Äëÿ çàäàííîãî ïîëó-

èíòåðâàëà Iz ââåäåì îáîçíà÷åíèÿ: R(z) è Q(z) � êîëè÷åñòâî çàäà÷ ïåðâîãî è âòîðîãî âèäîâ, ðåøà-

åìûõ íà Iz; P (z) � êîëè÷åñòâî �îòëîæåííûõ� çàäà÷, ïîðîæäåííûõ íà I2, . . . , Iz−1, íî ðåøàåìûõ

íà Iz+1, Iz+2 è ò.ä. Ââåäåííûå îáîçíà÷åíèÿ ïîçâîëÿþò çà�èêñèðîâàòü ñëåäóþùèå êîëè÷åñòâåííûå

çàêîíîìåðíîñòè âû÷èñëèòåëüíîãî ïðîöåññà äëÿ àðãóìåíòà x ∈ I2:

R(2)=1, R(2m−1)=R(2m−2), R(2m)=R(2m−1)+Q(m), m > 2, (1)

Q(2)=0, Q(2m−1)=Q(2m−2)+R(2m−2), Q(2m)=Q(2m−1)+R(2m−1), (2)

P (2)=0, P (2m−1)=P (2m−2)+Q(2m−2), P (2m)=P (2m−1)+Q(2m−1)−Q(m). (3)

Çàìåòèì, ÷òî èñêîìîå êîëè÷åñòâî ëèñòüåâ â äåðåâå ðåêóðñèè îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

S(1) = 1, S(n) = R(n) +Q(n) + P (n), n > 2. (4)

3. Ìàæîðèðóþùàÿ �óíêöèÿ. Â äàëüíåéøåì äëÿ çíà÷åíèé �óíêöèé öåëî÷èñëåííûõ àðãó-

ìåíòîâ èñïîëüçóþòñÿ âûðàæåíèÿ ñ èíäåêñàìè: Sn ≡ S(n), Pn ≡ P (n) è ò.ä. Ïðè ýòîì âûðàæåíèÿ

(1)�(4) ïðåâðàùàþòñÿ â ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ ïîñëåäîâàòåëüíîñòåé {Sn}
∞

n=2, {Pn}
∞

n=2

è ò.ä. Ïîñòðîèì ìàæîðàíòó �óíêöèè S(n), ïðåäâàðèòåëüíî óïðîñòèâ åå îïðåäåëåíèå.

Ó ò â å ðæä å í è å 1. �åêóððåíòíûå ñîîòíîøåíèÿ (1)−(4), çàäàþùèå �óíêöèþ S, ìîæíî

ïðåäñòàâèòü â ñëåäóþùåì ýêâèâàëåíòíîì âèäå:

S1=S2=1, S2m−1=S2m−2+2

m−1∑

i=1

Si−Sm−1, S2m=S2m−1+2

m−1∑

i=1

Si, m > 2. (5)

Ä î ê à ç à ò å ë ü ñ ò â î. Áóäåì ïîïîëíÿòü ñèñòåìó (1)�(4) ñëåäñòâèÿìè èç íåå æå ñàìîé äî òåõ

ïîð, ïîêà â ïîïîëíåííîé ñèñòåìå íå ïîÿâÿòñÿ ñîîòíîøåíèÿ (5), êîòîðûõ, êàê íåòðóäíî çàìåòèòü,

âïîëíå äîñòàòî÷íî äëÿ âû÷èñëåíèÿ Sn, è ïîýòîìó îñòàëüíûå ñîîòíîøåíèÿ ïîïîëíåííîé ñèñòåìû

èç ðàññìîòðåíèÿ ìîæíî èñêëþ÷èòü.

Èç (1)�(4) ñëåäóåò:

R2 = R3 = 1, R2m = R2m+1 = 1 +

m∑

i=2

Qi, (6)

Q2m−1=

2m−2∑

i=2

Ri & Q2m=

2m−1∑

i=2

Ri ⇒ Qn=

n−1∑

i=2

Ri, n > 3. (7)

Ñóììèðîâàíèå âûðàæåíèé äëÿ R2m−1, Q2m−1 è P2m−1, à òàêæå ñóììèðîâàíèå âûðàæåíèé äëÿ

R2m, Q2m è P2m ïîðîæäàþò ðàâåíñòâà

S2m−1 = S2m−2 +R2m−2 +Q2m−2, S2m = S2m−1 +R2m−1 +Q2m−1. (8)

Ïîäñòàâëÿÿ â (8) âûðàæåíèÿ (7) äëÿ Q2m−2 è Q2m−1, èìååì

S2m−1 = S2m−2 +
2m−2∑

i=2

Ri = S2m−2+
m−1∑

i=1

(R2i+R2i+1)−R2m−1,

S2m = S2m−1 +

2m−1∑

i=2

Ri = S2m−1+

m−1∑

i=1

(R2i+R2i+1).

(9)

Èç (8) ñ ó÷åòîì S2=1 ñëåäóåò, ÷òî Sn=1+
n−1∑
i=2

Qi+
n−1∑
i=2

Ri äëÿ n > 3. Èç (7) è (6) ïîñëåäîâàòåëüíî

âûòåêàþò ðàâåíñòâà:

n−1∑
i=2

Ri = Qn, Sn=1+
n∑

i=2
Qi, è R2m=R2m+1=Sm, R2m + R2m+1 = 2Sm.
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Ïîäñòàíîâêà â (9) ïîëó÷åííûõ âûðàæåíèé äëÿ R2m−1 è R2i+R2i+1 ïîðîæäàåò ðàâåíñòâà (5).

Óòâåðæäåíèå 1 äîêàçàíî.

Ââåäåì â ðàññìîòðåíèå �óíêöèþ F (n):

F1 = F2 = 1, F2m−1 = F2m−2 + 2

m−1∑

i=1

Fi, F2m = F2m−1 + 2

m−1∑

i=1

Fi, m > 2. (10)

Ñðàâíåíèå (5) è (10) ïîçâîëÿåò óòâåðæäàòü, ÷òî Sn 6 Fn ∀n > 1, ïîýòîìó âåðõíÿÿ îöåíêà äëÿ

F (n) îäíîâðåìåííî ÿâëÿåòñÿ âåðõíåé îöåíêîé äëÿ S(n).
Îáîçíà÷èì: Yn = F1+ · · ·+Fn, òîãäà

F1=F2=1, F2m−1=F2m−2+2Ym−1, F2m=F2m−1+2Ym−1, m > 2,

îòêóäà

F1=F2=1, F2m−1=1+4

m−2∑

i=1

Yi + 2Ym−1, F2m=1+4

m−1∑

i=1

Yi, m > 2.

Ïðèâåäåì ïåðâûå øåñòíàäöàòü çíà÷åíèé �óíêöèè F (n), à òàêæå ïðîäåìîíñòðèðóåì çàêîíîìåð-

íîñòü, ïîçâîëÿþùóþ ïîñòðîèòü èñêîìóþ ìàæîðàíòó:

F1 =1,
F2 =1,
F3 =1 + 2Y1 = 3 =F2 + 2Y1,
F4 =1 + 4Y1 = 5 =F2 + 4Y1,
F5 =1 + 4Y1 + 2Y2 = 9 =F4 + 2Y2,
F6 =1 + 4Y1 + 4Y2 = 13 =F4 + 4Y2,
F7 =1 + 4Y1 + 4Y2 + 2Y3 = 23 =F4 + 4Y2 + 2Y2,
F8 =1 + 4Y1 + 4Y2 + 4Y3 = 33 =F4 + 4Y2 + 4Y2,

F9 =1 + 4Y1 + 4Y2 + 4Y3 + 2Y4 = 53 =F8 + 2Y4,
F10=1 + 4Y1 + 4Y2 + 4Y3 + 4Y4 = 73 =F8 + 4Y4,
F11=1 + 4Y1 + 4Y2 + 4Y3 + 4Y4 + 2Y5 =111 =F8 + 4Y4 + 2Y5,
F12=1 + 4Y1 + 4Y2 + 4Y3 + 4Y4 + 4Y5 =149 =F8 + 4Y4 + 4Y5,

F13=1 + 4Y1 + 4Y2 + 4Y3 + 4Y4 + 4Y5 + 2Y6 =213 =F8 + 4Y4 + 4Y5 + 2Y5,
F14=1 + 4Y1 + 4Y2 + 4Y3 + 4Y4 + 4Y5 + 4Y6 =277 =F8 + 4Y4 + 4Y5 + 4Y5,
F15=1 + 4Y1 + 4Y2 + 4Y3 + 4Y4 + 4Y5 + 4Y6 + 2Y7 =387 =F8 + 4Y4 + 4Y5 + 4Y5 + 2Y6,
F16=1 + 4Y1 + 4Y2 + 4Y3 + 4Y4 + 4Y5 + 4Y6 + 4Y7 =497 =F8 + 4Y4 + 4Y5 + 4Y5 + 4Y6.

Â êà÷åñòâå èíñòðóìåíòà èññëåäîâàíèÿ �óíêöèè F (n) áóäåì èñïîëüçîâàòü ðàçëîæåíèÿ ÷èñåë X
íà ñëàãàåìûå ñïåöèàëüíîãî âèäà:

X = f0F2n + fnYn + fn+1Yn+1 + · · ·+ f2n−1Y2n−1,

ãäå F2n, Yn, . . . , Y2n−1 � íàáîð ñòàíäàðòíûõ ìíîæèòåëåé, f0, fn, . . . , f2n−1 � íåîòðèöàòåëüíûå ÷èñ-

ëà; â îáùåì ñëó÷àå fi çàâèñÿò îò n. Îáðàçöîì äëÿ ñðàâíåíèÿ òåõ èëè èíûõ ðàçëîæåíèé ñëóæèò

ðàçëîæåíèå F4n = F2n + 4Yn + · · ·+ 4Y2n−1.

4. Èíñòðóìåíòàëüíûå ðàçëîæåíèÿ. �àçëîæåíèå íà ñëàãàåìûå åñòü îïåðàöèÿ íåîäíîçíà÷-

íàÿ � îäíó è òó æå âåëè÷èíó ìîæíî ðàçëîæèòü ìíîãèìè ñïîñîáàìè, êàæäûé èç êîòîðûõ îïðåäå-

ëÿåòñÿ íàáîðîì êîý��èöèåíòîâ. Ââåäåì îáîçíà÷åíèÿ è ñêîíñòðóèðóåì �îðìóëû êîý��èöèåíòîâ

äëÿ êîíêðåòíûõ ðàçëîæåíèé ÷èñåë F8n+k, k ∈ {0, 1, 2, 3, 4, 5, 6, 7}. Â äàëüíåéøåì ýòè ðàçëîæåíèÿ

èìåíóþòñÿ èíñòðóìåíòàëüíûìè.

Ó ò â å ðæä å í è å 2. Eñëè n � íàòóðàëüíîå ÷èñëî, òî

Y2n + · · · + Y4n−1= p0F2n + pnYn + · · ·+ p2n−1Y2n−1,
Y4n = q0F2n + qnYn + · · · + q2n−1Y2n−1,
Y4n+1 = r0F2n + rnYn + · · · + r2n−1Y2n−1,
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Y4n+2 = s0F2n + snYn + · · ·+ s2n−1Y2n−1,
ãäå p0 = 2n2+n, pi = 2(4n−2i−1)2, p2n−1 = 2n+2,

q0 = 2n+1, qi = 16n−8i−2, q2n−1 = 7,
r0 = 2n+4, ri = 16n−8i+2, r2n−1 = 13,
s0 = 2n+9, si = 16n−8i+6, s2n−1 = 21, n 6 i 6 2n−2.

Ä î ê à ç à ò å ë ü ñ ò â î. Óòâåðæäåíèå 2 îñíîâàíî íà ñâîéñòâàõ �óíêöèè F (n), êðîìå òîãî,
â äîêàçàòåëüñòâå èñïîëüçóþòñÿ ïðåäâàðèòåëüíî óñòàíîâëåííûå ðàçëîæåíèÿ èç ñàìîãî óòâåðæäå-

íèÿ 2. Îáîçíà÷èì hi = 2n−i è wi = h2i+h2i+1 = 4n−4i−1. Èìååì

Y2n + · · ·+ Y4n−1 =
2n−1∑

i=0

(
Y2n−1 +

i∑

j=0

F2n+j

)
= 2nY2n−1 +

2n−1∑

i=0

hiF2n+i =

= 2nY2n−1 +
n−1∑

i=0

(h2iF2n+2i + h2i+1F2n+2i+1) =

= 2nY2n−1 +
n−1∑

i=0

(
h2i(F2n+2i+2 − 4Yn+i) + h2i+1(F2n+2i+2 − 2Yn+i)

)
=

= 2nY2n−1 +

n−1∑

i=0

wiF2n+2i+2 −

n−1∑

i=0

(4h2i + 2h2i+1)Yn+i =

= 2nY2n−1 +H − 2

n−1∑

i=0

(6n−6i−1)Yn+i ,

H =
2n−1∑

i=0

wi


F2n + 4

n+i∑

j=n

Yj


 = F2n

n−1∑

i=0

wi + 4
n−1∑

i=0

wi

i∑

j=0

Yn+j =

=(2n2+n)F2n + 4

n−1∑

i=0

Yn+i

n−1∑

j=i

wj = (2n2+n)F2n + 4

n−1∑

i=0

(n−i)(2n−2i+1)Yn+i .

Îêîí÷àòåëüíî, Y2n + · · ·+ Y4n−1 =

= 2nY2n−1 + (2n2+n)F2n +
n−1∑
i=0

(
4(n−i)(2n−2i+1)− 2(6n−6i−1)

)
Yn+i =

= (2n2+n)F2n + 2
n−2∑
i=0

(2n−2i−1)2Yn+i + 2(n+1)Y2n−1 =

= (2n2+n)F2n + 2
2n−2∑
i=n

(4n−2i−1)2Yn+i + 2(n+1)Y2n−1 ,

* * *

Y4n = Y2n+

4n∑

i=2n+1

Fi = Y2n+

n∑

i=1

(F2n+2i−1+F2n+2i) = Y2n+2

n∑

i=1

F2n+2i−2

n∑

i=1

Yn+i−1 ,

n∑

i=1

F2n+2i =

n∑

i=1

(
F2n+4

i−1∑

j=0

Yn+j

)
= nF2n+4

n∑

i=1

i−1∑

j=0

Yn+j = nF2n+4

n−1∑

i=0

(n−i)Yn+j ,

Y4n = Y2n+2nF2n+8

n−1∑

i=0

(n−i)Yn+i−2

n−1∑

i=0

Yn+i = (2n+1)F2n+

n−1∑

i=0

(8n−8i−2)Yn+i + Y2n−1,

* * *
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Y4n+1 = Y4n + F4n+2Y2n = Y4n + F2n+4

2n−2∑

i=n

Yi+2(Y2n−1+F2n) = Y4n + 3F2n+

+ 4

2n−2∑

i=n

Yi+6Y2n−1 = (2n+1+3)F2n +

2n−2∑

i=n

(16n−8i−2+4)Yi + (7+6)Y2n−1,

∗ ∗ ∗

Y4n+2 = Y4n+1+F4n+2 = Y4n+1+F2n+4

2n∑

i=n

Yi = Y4n+1+F2n+4

2n−1∑

i=n

Yi+4(Y2n−1+F2n)

= Y4n+1 + 5F2n + 4

2n−2∑

i=n

Yi+8Y2n−1 =

= (2n+4+5)F2n +

2n−2∑

i=n

(16n−8i+2+4)Yi + (13+8)Y2n−1.

Óòâåðæäåíèå 2 äîêàçàíî.

Ó ò â å ðæä å í è å 3. Åñëè n = 1, òî Y4+3 = 20F2+35Y1. Åñëè n > 1, òî Y4n+3 = t0F2n+ tnYn+
+· · ·+t2n−1Y2n−1, ãäå t0 = 2n+18, tn = 8n+14, tj = 16n−8j+10, t2n−1 = 31, n < j 6 2n−2.

Ïåðâàÿ ÷àñòü óòâåðæäåíèÿ ïðîâåðÿåòñÿ ÷èñëåííî. Ïóñòü n > 1, òîãäà

Y4n+3 = Y4n+2 + (F4n+4Y2n + 2Y2n+1) = Y4n+2+F4n+4(Y2n−1+F2n)+2(Y2n−1+F2n+F2n+1) =

= Y4n+2+F4n+6F2n+2(F2n+2Yn)+6Y2n−1 = Y4n+2+F4n+8F2n+4Yn+6Y2n−1 =

= Y4n+2+(F2n+4Yn+ · · ·+4Y2n−1)+8F2n+4Yn+6Y2n−1 = (2n+9+1+8)F2n+

+ (8n+6+4+4)Yn +
2n−2∑

i=n+1

(16n−8i+6+4)Yi + (21+4+6)Y2n−1.

Óòâåðæäåíèå 3 äîêàçàíî.

Ñ ë å ä ñ ò â è å. Åñëè n � íàòóðàëüíîå ÷èñëî, òî

F8 = 13F2 + 20Y1, F8n = a0F2n + anYn + · · ·+ a2n−1Y2n−1, n > 2, (11)

F8+2 = 25F2 + 48Y1, F8n+2 = b0F2n + bnYn + · · · + b2n−1Y2n−1, n > 2, (12)

F8+4 = 49F2 + 100Y1, F8n+4 = c0F2n + cnYn + · · ·+ c2n−1Y2n−1, n > 2, (13)

F8+6 = 93F2 + 184Y1, F8n+6 = d0F2n + dnYn + · · ·+ d2n−1Y2n−1, n > 2, (14)

F8+7 = 133F2 + 254Y1, F8n+7 = e0F2n + enYn + · · ·+ e2n−1Y2n−1, n > 2, (15)

ãäå a0 = 8n2+4n+1, ai = 8(4n−2i−1)2+4, a2n−1 = 8n+12, n 6 i 6 2n−2,

b0 = 8n2+12n+5, bi = 32(2n−i)2+4, b2n−1 = 8n+40, n 6 i 6 2n−2,

c0 = 8n2+20n+21, ci = 8(4n−2i+1)2+4, c2n−1 = 8n+92, n 6 i 6 2n−2,

d0 = 8n2+28n+57, di = 32(2n−i+1)2+4, d2n−1 = 8n+176, n 6 i 6 2n−2,

e0 = 8n2+32n+93,

en = 16(2n2+5n+4), ej = 2(8n−4j+5)2+6, e2n−1 = 8n+238, n < j 6 2n−2.

Äëÿ ñëó÷àÿ n = 1 ðàçëîæåíèÿ (11)�(15) ïðîâåðÿþòñÿ íåïîñðåäñòâåííî. �àññìîòðèì ñëó÷àé

n > 1:

F8n = F4n + 4(Y2n+ · · ·+Y4n−1) = F2n + 4Yn+ · · ·+4Y2n−1 + 4(p0F2n + pnYn+

+ · · ·+p2n−1Y2n−1) = (1+4p0)F2n + (4+4pn)Yn+ · · ·+(4+4p2n−1)Y2n−1.
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Àíàëîãè÷íî

F8n+2 = F8n + 4Y4n = a0F2n+anYn+ · · ·+a2n−1Y2n−1+4(q0F2n+qnYn+ · · ·+q2n−1Y2n−1)=

= (a0+4q0)F2n+(an+4qn)Yn+ · · ·+(a2n−1+4q2n−1)Y2n−1,

F8n+4 = F8n+2 + 4Y4n+1 = (b0+4r0)F2n+(bn+4rn)Yn+ · · ·+(b2n−1+4r2n−1)Y2n−1,

F8n+6 = F8n+4 + 4Y4n+2 = (c0+4s0)F2n+(cn+4sn)Yn+ · · ·+(c2n−1+4s2n−1)Y2n−1,

F8n+7 = F8n+4 + 2Y4n+3 = (d0+2t0)F2n+(dn+2tn)Yn+ · · ·+(d2n−1+2t2n−1)Y2n−1.

Ñëåäñòâèå äîêàçàíî.

Ïîñêîëüêó F2n+1 = (F2n + F2n+2)/2, òî

F8+1 = 19F2 + 34Y1, F2n+1 =
a0+b0

2
F2n +

2n−1∑

i=n

ai+bi
2

Yi, n > 2, (16)

F8+3 = 37F2 + 74Y1, F2n+3 =
b0+c0

2
F2n +

2n−1∑

i=n

bi+ci
2

Yi, n > 2, (17)

F8+5 = 71F2 + 92Y1, F2n+5 =
c0+d0

2
F2n +

2n−1∑

i=n

ci+di
2

Yi, n > 2. (18)

5. Ñâîéñòâà èíñòðóìåíòàëüíûõ ðàçëîæåíèé. �àññìîòðèì âûðàæåíèÿ âåñüìà îáùåãî âè-

äà: f0 + f1Y1 + f2Y2 + · · ·+ fkYk, ãäå fi � ÷èñëîâûå êîý��èöèåíòû.

Ó ò â å ðæä å í è å 4. Åñëè f0 + · · · + fk = 0 è äëÿ íåêîòîðîãî m, 0<m<k, âûïîëíÿþòñÿ óñëî-

âèÿ f0>0, . . . , fm>0 è fm+1 6 0, . . . , fk 6 0, òî f0 + f1Y1 + · · ·+ fkYk < 0.

Â ñàìîì äåëå,

f0 + f1Y1 + · · ·+ fkYk = f0 +

m∑

i=1

fiYi +

k∑

i=m+1

fiYi 6

6 Ym

m∑

i=1

fi + Ym+1

k∑

i=m+1

fi = (Ym−Ym+1)

m∑

i=1

fi.

Óòâåðæäåíèå 4 äîêàçàíî.

Ç à ì å ÷ à í è å. Â äàëüíåéøèõ ðàññóæäåíèÿõ ñóùåñòâåííî èñïîëüçóþòñÿ ðàâåíñòâà F2n =
= 1 + 4Y1 + · · ·+ 4Yn−1.

Ïóñòü f0F2n + fnYn + · · · + f2n−1Y2n−1 � ðàçëîæåíèå íåêîòîðîãî ÷èñëà Z. Ñâÿæåì ñ ýòèì

ðàçëîæåíèåì åãî ÷èñëîâóþ õàðàêòåðèñòèêó

ρ(n|f0, fn, . . . , f2n−1) =
(4n−3)f0 + fn + · · ·+ f2n−1

8n− 3
.

Â ïðèâåäåííîé �îðìóëå çíàìåíàòåëü åñòü ñóììà êîý��èöèåíòîâ ïðåäñòàâëåíèÿ ÷èñëà F4n â âèäå

1 + 4Y1 + · · · + 4Y2n−1, à ÷èñëèòåëü � ñóììà êîý��èöèåíòîâ ïðåäñòàâëåíèÿ ÷èñëà Z â âèäå f0 +
4f0Y1 + · · · + 4fn−1Yn−1 + fnYn + · · ·+ f2n−1Y2n−1.

Óòâ å ðæä å í è å 5. Ïóñòü f0, fn, . . . , f2n−1 � êîý��èöèåíòû íåêîòîðîãî ðàçëîæåíèÿ, n > 1,
è ρ = ρ(n|f0, fn, . . . , f2n−1). Åñëè èìåþò ìåñòî íåðàâåíñòâà

f0 > ρ, (19)

4ρ > f2n−1, (20)

4f0 > fn > · · · > f2n−2, (21)

òî f0F2n + fnYn + · · ·+ f2n−1Y2n−1 < ρF4n.
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Ä î ê à ç à ò å ë ü ñ ò â î. �àññìîòðèì âûðàæåíèå f0F2n + fnYn + · · · + f2n−1Y2n−1 − ρF4n ≡
≡ f0+4f0Y1+· · ·+4fn−1Yn−1+fnYn+· · ·+f2n−1Y2n−1−ρ (1+4Y1+· · ·+4Y2n−1). Ïîëîæèì f ′

0 = f0−ρ,
f ′

i = 4f ′

0 = 4f0−4ρ (i=1, . . . , n−1), f ′

j = fj−4ρ (j=n, . . . , 2n−1). Ïî ïîñòðîåíèþ f ′

0+f ′

1+· · ·+f ′

2n−1 =
= 0.

Èç óñëîâèÿ (19) ñëåäóåò, ÷òî f ′

0 > 0 è f ′

1 = f ′

2 = · · · = f ′

n−1 > 0.
Èç óñëîâèÿ (20) ñëåäóåò, ÷òî f ′

2n−1 < 0.
Èç óñëîâèÿ (21) ñëåäóåò, ÷òî f ′

n−1 > f ′

n > · · · > f ′

2n−2.

Ïîñêîëüêó f ′

n−1 > 0, òî äëÿ íåêîòîðîãî m, n6m62n−2, èìåþò ìåñòî íåðàâåíñòâà f ′

n>0, . . . ,
f ′

m > 0 è f ′

m+160, . . . , f ′

2n−260. Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü f ′

0, . . . , f
′

2n−1 óäîâëåòâîðÿåò

âñåì óñëîâèÿì óòâåðæäåíèÿ 4, à çíà÷èò

f ′

0 +

2n−1∑

i=1

f ′

iYi < 0 ⇔ f0 + 4f0

n−1∑

i=1

Yi +

2n−1∑

i=n

fiYi < ρ(1+4Y1+ · · ·+4Y2n−1) = ρF4n.

Óòâåðæäåíèå 5 äîêàçàíî.

Ôîðìóëû (11)�(18) ñîäåðæàò âûðàæåíèÿ äëÿ êîý��èöèåíòîâ êîíêðåòíûõ ðàçëîæåíèé âåëè-

÷èí F8n+k, ãäå k∈{0, 1, 2, 3, 4, 5, 6, 7}. Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò, âî-ïåðâûõ, ñâÿçàòü ñ êàæäûì
÷èñëîì F8n+k õàðàêòåðèñòèêó ρk: ρ0 = ρ(n|a0, an, . . . , a2n−1), ρ2 = ρ(n|b0, bn, . . . , b2n−1) è ò.ä., è

âî-âòîðûõ, âûâåñòè �îðìóëû äëÿ ýòèõ õàðàêòåðèñòèê:

ρ0 = (128n3− 24n2+ 4n− 9)/(3(8n−3)), ρ4 = (128n3+264n2+ 196n−141)/(3(8n−3)),

ρ1 = (128n3+ 48n2+ 4n−21)/(3(8n−3)), ρ5 = (128n3+336n2+ 436n−261)/(3(8n−3)),

ρ2 = (128n3+120n2+ 4n−33)/(3(8n−3)), ρ6 = (128n3+408n2+ 676n−381)/(3(8n−3)),

ρ3 = (128n3+192n2+100n−87)/(3(8n−3)), ρ7 = (128n3+480n2+1156n−603)/(3(8n−3)).

Óòâ å ðæä å í è å 6. Äëÿ ëþáîãî k èç {0, 1, 2, 3, 4, 5, 6, 7} è ëþáîãî íàòóðàëüíîãî ÷èñëà n âû-

ïîëíÿþòñÿ íåðàâåíñòâà F8n+k 6 ρkF4n.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ñëó÷àÿ n = 1 íåðàâåíñòâà ïðîâåðÿþòñÿ ÷èñëåííî. Ïóñòü

n > 1. Ïîêàæåì, ÷òî íàáîð êîý��èöèåíòîâ a0, an, . . . , a2n−1 èíñòðóìåíòàëüíîãî ðàçëîæåíèÿ (11)

óäîâëåòâîðÿåò óñëîâèÿì óòâåðæäåíèÿ 5. Â ñàìîì äåëå:

⊲ óñëîâèå (19) ýêâèâàëåíòíî íåðàâåíñòâó 8n2+4n+1 > ρ0, êîòîðîå, â ñâîþ î÷åðåäü, ýêâèâà-

ëåíòíî î÷åâèäíîìó íåðàâåíñòâó 4(n−1)3+15(n−1)2+17(n−1)+6 > 0;

⊲ óñëîâèå (20) ýêâèâàëåíòíî íåðàâåíñòâó 4ρ0 > 8n+12, êîòîðîå, â ñâîþ î÷åðåäü, ýêâèâàëåíòíî

î÷åâèäíîìó íåðàâåíñòâó 64(n−1)3+156(n−1)2+95(n−1)+12 > 0;

⊲ óñëîâèå (21) ýêâèâàëåíòíî íåðàâåíñòâó 4(8n2+4n+1) > 8(2n−1)2 +4, êîòîðîå ýêâèâàëåíòíî
î÷åâèäíîìó íåðàâåíñòâó 6n > 1.

Ñëåäîâàòåëüíî, F8n 6 ρ0F4n. Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî îñòàëüíûå èíñòðóìåíòàëüíûå ðàç-

ëîæåíèÿ (12)�(18) óäîâëåòâîðÿþò óñëîâèÿì (19)�(21) óòâåðæäåíèÿ 5, à çíà÷èò F8n+k 6 ρkF4n.

Óòâåðæäåíèå 6 äîêàçàíî.

6. Ïðåäâàðèòåëüíûå îöåíêè. Õàðàêòåðèñòèêè ρk ïðåäñòàâëÿþò ñîáîé àíàëèòè÷åñêè çà-

äàííûå �óíêöèè, çàâèñÿùèå îò àðãóìåíòà n. Ñòàíäàðòíîå èññëåäîâàíèå [3℄ �óíêöèé ïîçâîëÿåò

ñ�îðìóëèðîâàòü øåñòü âàæíûõ ñâîéñòâ õàðàêòåðèñòèê ρk = ρk(n).
Ñ â î é ñ ò â î 1. Äëÿ ëþáîãî n > 1 èìåþò ìåñòî íåðàâåíñòâà

0 < ρ0(n) < ρ1(n) < ρ2(n) < ρ3(n) < ρ4(n) < ρ5(n) < ρ6(n) < ρ7(n).
Ââåäåì â ðàññìîòðåíèå ÷èñëà λ0=16/3 è λ1=20281/213 , à òàêæå �óíêöèè β4(n) è β7(n):

ρ4(n) = n2 β4(n) = n2

(
16

3
+

13

n
+

313

24

1

n2
−

63

8(8n−3)n2

)
,

ρ7(n) = n2 β7(n) = n2

(
16

3
+

22

n
+

677

12

1

n2
−

127

4(8n−3)n2

)
.
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Ñ â î é ñ ò â î 2. Åñëè n > 1, òî β4(n) è β7(n) � ìîíîòîííî óáûâàþùèå �óíêöèè.

Ñ â î é ñ ò â î 3. Åñëè n > 64, òî β4(n) 6 λ0 (1 + λ1/n).

Ñ â î é ñ ò â î 4. Èìååò ìåñòî ðàâåíñòâî ρ4(1)F4 = 149.

Ñ â î é ñ ò â î 5. Äëÿ ëþáîãî n > 32 âûïîëíÿåòñÿ íåðàâåíñòâî

β7(n/8) < β4(n/8) β4(n/4) β4(n/2) β4(n) / 256. (22)

Äîêàçàòåëüñòâî ñâîéñòâà 5 ñâîäèòñÿ ê ñåðèè î÷åâèäíûõ ýêâèâàëåíòíûõ ïðåîáðàçîâàíèé íåðà-

âåíñòâà (22) ê âèäó P̃11(n−32) > 0, ãäå P̃11(x) � ïîëèíîì îäèííàäöàòîé ñòåïåíè ñî âñåìè ïîëî-

æèòåëüíûìè êîý��èöèåíòàìè.

Ñ â î é ñ ò â î 6. Åñëè n1, . . . , nk � íàáîð ïîëîæèòåëüíûõ ÷èñåë, óäîâëåòâîðÿþùèõ óñëîâèþ

n1 + · · ·+ nk < n, òî
k∏

i=1
ρ4(n/ni) < n2k λk

0 e
λ1

(
k∏

i=1

1
ni

)2

.

Â ñàìîì äåëå:

k∏
i=1

ρ4(n/ni) 6
( k∏
i=1

(n/ni)
2 λk

0

) k∏
i=1

(1+λ1/(n/ni)) =

= B exp

(
k∑

i=1
ln(1+λ1ni/n)

)
< B exp

(
k∑

i=1
(λ1ni/n)

)
< Beλ1

, ãäå B = n2k λk
0

(
k∏

i=1

1
ni

)2

.

Äëÿ ñïðàâêè: 11.89 < eλ1 < 11.8902.

7. Êîíñòðóèðîâàíèå âåðõíåé îöåíêè. Çà�èêñèðóåì íåêîòîðîå íàòóðàëüíîå ÷èñëî n > 64.
Äâîè÷íàÿ çàïèñü (ñ îáðàòíîé íóìåðàöèåé) ÷èñëà n èìååò âèä 1δlδl−1 . . . δ1, çäåñü δi ∈ {0, 1},
íàä÷åðêèâàíèå èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ äâîè÷íîé çàïèñè, à l = [log2(n)], l > 6. Ïî ïðàâèëàì
äâîè÷íîé àðè�ìåòèêè

n = 1δl . . . δ4δ3δ2δ1 = 1δl . . . δ4000 + δ3δ2δ1 = 8× 1δl . . . δ4 + δ3δ2δ1,

4× 1δl . . . δ5δ4 = 1δl . . . δ5δ400 = 1δl . . . δ5000 + δ400 = 8× 1δl . . . δ5 + δ400, · · · ,

4× 1δl = 1δl00 = 1000 + δl00 = 8× 1 + δl00.

Êàê ñëåäóåò èç óòâåðæäåíèÿ 5 ïðèâåäåííûå ñîîòíîøåíèÿ ïîðîæäàþò íåðàâåíñòâà:

Fn = F (1δl . . . δ4δ3δ2δ1) 6 ρδ3δ2δ1(1δl . . . δ4)× F (1δl . . . δ400),

F (1δl . . . δ5δ400) 6 ρδ400(1δl . . . δ5)× F (1δl . . . δ500),

F (1δl . . . δ6δ500) 6 ρδ500(1δl . . . δ6)× F (1δl . . . δ600), · · · ,

F (1δl00) 6 ρδl00(1) × F (100) = ρδl00(1) × F4.

Ïîñëåäîâàòåëüíîå ïðèìåíåíèå ñâîéñòâ 4, 5 è 6 ïîçâîëÿåò ïîëó÷èòü èñêîìóþ îöåíêó:

Fn 6 ρδ3δ2δl(1δl . . . δ4)

(
l−1∏

i=4

ρδi00(1 . . . δi+1)

)
ρδl00(1)F4 6

6 ρ7(n/8)

l−1∏

i=4

ρ4(n/2
i) ρ4(1)F4 = 149

(n
8

)2
β7(n/8)

l−1∏

i=4

ρ4(n/2
i) 6

6 149
(n
8

)2 1

256

3∏

i=0

β4(n/2
i)

l−1∏

i=4

ρ4(n/2
i) 6

149

256

42 22

n6

l−1∏

i=0

ρ4(n/2
i) 6

6
149

4n6

n2l

(20+1+···+l−1)2
λl
0 e

λ1 =
149 eλ1

4n6

(
λ0 n

2

2l−1

)l

6
149 eλ1

4n6

(
λ0 n

2

2log2(n)−2

)l

=

=
149 eλ1

4n6

(
26

3
n

)l

6
149 eλ1

4n6

n6

nlog2(3)
nlog2(n) 6 443

nlog2(n)

n1.58
. (23)
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Çàìåòèì, ÷òî â ÷àñòè ïðèìåíåíèÿ ñâîéñòâà 6 èñïîëüçóåòñÿ íàáîð èç l ÷èñåë 2l−1
, 2l−2

, . . . , 20:
2l−1 + · · ·+ 20 = 0δ′l . . . δ

′

1, δ′l= · · ·=δ′1=1, è 0δ′l . . . δ
′

1 < 1δl . . . δ1 = n.
Îöåíêà (23) ïîëó÷åíà â ïðåäïîëîæåíèè n > 64, îäíàêî ñåðèÿ îãðóáëåíèé, ñäåëàííûõ ïðè

âûâîäå ýòîé îöåíêè, ïîçâîëÿåò ïðåäïîëîæèòü, ÷òî íåðàâåíñòâî (23) ìîæåò âûïîëíÿòüñÿ è äëÿ

íåêîòîðûõ n < 64. Äåéñòâèòåëüíî, ÷èñëåííàÿ ïðîâåðêà äëÿ âñåõ íàòóðàëüíûõ n èç äèàïàçîíà

[1, 63] ïîêàçàëà, ÷òî îöåíêà (23) ñïðàâåäëèâà äëÿ n > 2.
Èòàê, ïî ðåçóëüòàòàì àíàëèòè÷åñêîãî è ÷èñëåííîãî èññëåäîâàíèé óñòàíîâëåíà ñëåäóþùàÿ

îöåíêà:

Sn 6 Fn < 443
nlog2(n)

n1.58
äëÿ n > 2.

8. Çàêëþ÷åíèå.Ïîëó÷åííàÿ ìàæîðèðóþùàÿ �óíêöèÿ îòíîñèòñÿ ê êëàññó ñóáýêñïîíåíöèàëü-

íûõ �óíêöèé [4℄, çàíèìàþùèõ ïðîìåæóòî÷íîå ïîëîæåíèå ìåæäó ïîëèíîìèàëüíûìè è ýêñïîíåí-

öèàëüíûìè �óíêöèÿìè. Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò ñêîððåêòèðîâàòü â ñòîðîíó óìåíüøåíèÿ

îöåíêó ïîãðåøíîñòè ìåòîäà âûòåñíåíèÿ.
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