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Àííîòàöèÿ�Â ðàáîòå îáîñíîâûâàåòñÿ ðåêóðñèâíûé àëãîðèòì âû÷èñëåíèÿ íàòóðàëüíûõ ëî-

ãàðèôìîâ, âûâîäèòñÿ îöåíêà ïîãðåøíîñòè âû÷èñëåíèÿ è îïèñûâàþòñÿ ðåàëèçàöèè àëãî-

ðèòìà íà ÿçûêàõ ËÈÑÏ è C++.
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1. ÂÂÅÄÅÍÈÅ

Â 1981 ãîäó Â.Ë.Ñòåôàíþê ïðåäëîæèë ïîäõîä [1] ê ðåêóðñèâíîìó1 âû÷èñëåíèþ ýëåìåíòàð-
íûõ ôóíêöèé. Â ÷àñòíîñòè, äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ sin(x) áûëà ïðåäëîæåíà ôîðìóëà

Rsin(x; δ) =

{
3 ·Rsin(x/3; δ)− 4 ·Rsin3(x/3; δ), åñëè |x| > δ

x èíà÷å,

ãäå ÷èñëî δ � ïàðàìåòð. Ôàêòè÷åñêè, ôîðìóëà äëÿ âû÷èñëåíèÿ Rsin(x; δ) ñêîíñòðóèðîâàíà

èç òîæäåñòâà sin(x) = 3sin(x/3)− 4sin3(x/3) è

èç ïåðâîãî çàìå÷àòåëüíîãî ïðåäåëà: sin(x) ∼ x ïðè x→ 0.

Äëÿ âû÷èñëåíèÿ ln(x) â [1] ïðåäëîæåíà ôîðìóëà

Rlog(x; δ) =

{
2 ·Rlog(√x; δ), åñëè |x− 1| > δ

2 · (x− 1)/(x+ 1) èíà÷å.

Â íàñòîÿùåé ðàáîòå èçëàãàåòñÿ ïîäõîä ê ðåêóðñèâíîìó âû÷èñëåíèþ ln(x), ïðè êîòîðîì
îòïàäàåò íåîáõîäèìîñòü ñ÷èòàòü ýëåìåíòàðíîé îïåðàöèþ èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ.

2. ÏÎÄÕÎÄ Ê ÐÅÊÓÐÑÈÂÍÎÌÓ ÎÖÅÍÈÂÀÍÈÞ ËÎÃÀÐÈÔÌÀ

Ñëåäóÿ [2], áóäåì èñïîëüçîâàòü äëÿ âû÷èñëåíèÿ ln(x) ôóíêöèþ log1p(x)
def
= ln(1 + x), ãäå

x > −1. Åñëè àëãîðèòì âû÷èñëåíèÿ log1p(x) èçâåñòåí, òî âû÷èñëåíèå ln(x) âûïîëíÿåòñÿ çà
îäíî äåéñòâèå:

ln(x) = log1p(x− 1). (1)

Ëåãêî ïðîâåðèòü òðè ïðèìå÷àòåëüíûõ ñâîéñòâà ôóíêöèè log1p(x).

Ñâîéñòâî 1. Äëÿ x > −1 ñïðàâåäëèâî òîæäåñòâî log1p(x) = log1p( x
x+2)− log1p(− x

x+2)

Ñâîéñòâî 2. log1p(x) ∼ x ïðè x→ 0.

Ñâîéñòâî 3. Äëÿ x > −1 ñïðàâåäëèâî íåðàâåíñòâî | xx+2 | < |x|.
1 Â ñîâðåìåííîé íàóêå îöåíèâàíèÿ ýëåìåíòàðíûõ ôóíêöèé ìåòîäû òàêîãî òèïà èìåíóþòñÿ ðåäóêöèîííûìè [2].
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Ñâîéñòâà 1-3 ïîçâîëÿþò îïðåäåëèòü ðåêóðñèâíóþ ôîðìóëó äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ
log1p(x), ïðè÷åì ñâîéñòâî 3 ãàðàíòèðóåò àëãîðèòìè÷åñêóþ êîððåêòíîñòü ôîðìóëû.

Rlog1p(x; δ) =

{
Rlog1p( x

x+2 ; δ)−Rlog1p(− x
x+2 ; δ), åñëè |x| > δ

x èíà÷å.

Çäåñü δ - ïàðàìåòð, îãðàíè÷èâàþùèé äðîáëåíèå àðãóìåíòà è âëèÿþùèé íà òî÷íîñòü âû÷èñëå-
íèÿ. Èäåÿ ðåêóðñèâíîãî âû÷èñëåíèÿ ëîãàðèôìà âûòåêàåò èç (1) è âûðàæàåòñÿ òàê:

ln(x) ≈ Rlog1p(x− 1; δ) (2)

Íà ÿçûêå ËÈÑÏ [3] ìåòîä (2) ìîæåò áûòü ðåàëèçîâàí ñ ïîìîùüþ òðåõ ôóíêöèé:

(RLOG (LAMBDA(X) (RLOG1P (SUB1 X)) ))

(RLOG1P (LAMBDA(X)
(COND ((GREATERP (ABS X) DELTA) (MINX (FQUOTIENT X (PLUS X 2.))))

(T X) )))

(MINX (LAMBDA(U) (DIFFERENCE (RLOG1P U) (RLOG1P (MINUS U))) ))

Ôóíêöèÿ RLOG âû÷èñëÿåò èñêîìîå ïðèáëèæåíèå ln(x), íî ôàêòè÷åñêè ëèøü âûçûâàåò îñ-
íîâíóþ ôóíêöèþ RLOG1P c àðãóìåíòîì X−1. Ïðè îáðàùåíèè ê âñïîìîãàòåëüíîé ôóíêöèè
MINX îäèí ðàç âû÷èñëÿåòñÿ U = X/(X + 2), à ñàìà ôóíêöèÿ MINX:
� îðãàíèçóåò ïàðó âûçîâîâ RLOG1P ñ àðãóìåíòàìè U è −U , è
� âûðàáàòûâàåò â êà÷åñòâå ðåçóëüòàòà ðàçíîñòü ïîëó÷åííûõ ÷èñåë.

Îñòàíîâèìñÿ íà âû÷èñëèòåëüíûõ îñîáåííîñòÿõ ìåòîäà (2), ïîçâîëÿþùèì, â êîíå÷íîì èòîãå,
îöåíèòü åãî ïîãðåøíîñòü. Ïðåæäå âñåãî ðàññìîòðèì êîíêðåòíûé ïðèìåð.

Ïðèìåð 1. Âû÷èñëèì E = Rlog1p(−1/13; 0.02).
E = Rlog1p(−1/25; 0.02)−Rlog1p(+1/25; 0.02) =

(Rlog1p(−1/49; 0.02)−Rlog1p(+1/49; 0.02)) −
(Rlog1p(+1/51; 0.02)−Rlog1p(−1/51; 0.02)) =

((Rlog1p(−1/97; 0.02)−Rlog1p(+1/97; 0.02)) −
(Rlog1p(+1/99; 0.02)−Rlog1p(−1/99; 0.02))) − (+1/51− (−1/51)) =

((−1/97− (+1/97)) − (+1/99−(−1/99))) − (+1/51− (−1/51))
Ïîëó÷åííîå ñêîáî÷íîå âûðàæåíèå îäíîçíà÷íî ïðåäñòàâëÿåòñÿ äåðåâîì, èçîáðàæåííûì íà

ðèñóíêå 1. Îêîí÷àòåëüíûé ðåçóëüòàò âû÷èñëåíèÿ âûãëÿäèò òàê:

E = − 2

97
− 2

99
− 2

51
≈ −0.08

Êîíåö ïðèìåðà.

Äðåâîâèäíàÿ ñòðóêòóðà âû÷èñëåíèÿ ïîçâîëÿåò ãîâîðèòü î âíóòðåííèõ è òåðìèíàëüíûõ óç-
ëàõ âû÷èñëèòåëüíîé ñõåìû, î åå ÿðóñíîì ñòðîåíèè è ãëóáèíå. Âíóòðåííèå óçëû èìåþò íåïî-
ñðåäñòâåííûõ ïîòîìêîâ, ýòèì óçëàì ñîîòâåòñòâóåò âû÷èñëåíèå

Rlog1p(x; δ) = Rlog1p( x
x+2 ; δ)−Rlog1p(− x

x+2 ; δ).

Òåðìèíàëüíûå óçëû ïîòîìêîâ íå èìåþò, èì ñîîòâåòñòâóåò âû÷èñëåíèå Rlog1p(x; δ) = x. Êîðåíü
äåðåâà ñîñòàâëÿåò íóëåâîé ÿðóñ âû÷èñëèòåëüíîé ñõåìû; (i+1)-é ÿðóñ ñîñòàâëÿþò âñå íåïîñðåä-
ñòâåííûå ïîòîìêè óçëîâ i-ãî ÿðóñà. Ãëóáèíà âû÷èñëèòåëüíîé ñõåìû åñòü ìàêñèìàëüíûé íîìåð
ïðåäñòàâëåííîãî â íåé ÿðóñà.

Äëÿ ïðèìåðà 1 âû÷èñëèòåëüíàÿ ñõåìà èìååò:
B 5 âíóòðåííèõ è 6 òåðìèíàëüíûõ óçëîâ;
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Ðèñ.1 Âû÷èñëåíèå Rlog1p(−1/13; 0.02)

B 2 âíóòðåííèõ óçëà ïåðâîãî ÿðóñà
äëÿ ïîäçàäà÷ Rlog1p(−1/25; 0.02) è Rlog1p(+1/25; 0.02);

B 4 óçëà âòîðîãî ÿðóñà:
2 âíóòðåííèõ äëÿ ïîäçàäà÷ Rlog1p(−1/49; 0.02) è Rlog1p(+1/49; 0.02);
2 òåðìèíàëüíûõ äëÿ ïîäçàäà÷ Rlog1p(+1/51; 0.02) è Rlog1p(−1/51; 0.02);

B 4 òåðìèíàëüíûõ óçëà òðåòüåãî ÿðóñà
äëÿ ïîäçàäà÷ Rlog1p(−1/97; 0.02), Rlog1p(+1/97; 0.02),

Rlog1p(+1/99; 0.02), Rlog1p(−1/99; 0.02).
Ãëóáèíà âû÷èñëèòåëüíîé ñõåìû èç ïðèìåðà 1 ðàâíà 3.

Ðåêóðñèâíûé ìåòîä âû÷èñëåíèÿ Rlog1p ïðèìåíèì êî âñåì x > −1. Îäíàêî â îêðåñòíîñòè
−1, à òàêæå ïðè áîëüøèõ x îáúåì âû÷èñëåíèé ñèëüíî âîçðàñòàåò.

Ïðèìåð 2.

Ñõåìà äëÿ Rlog1p(−0.9999; 0.001) èìååò ãëóáèíó 24 è ñîäåðæèò 13348 òåðìèíàëüíûõ óçëîâ.
Ñõåìà äëÿ Rlog1p(−0.999; 0.001) èìååò ãëóáèíó 20 è ñîäåðæèò 9976 òåðìèíàëüíûõ óçëîâ.
Ñõåìà äëÿ Rlog1p(−0.5; 0.001) èìååò ãëóáèíó 10 è ñîäåðæèò 1000 òåðìèíàëüíûõ óçëîâ.
Ñõåìà äëÿ Rlog1p(+0.5; 0.001) èìååò ãëóáèíó 9 è ñîäåðæèò 512 òåðìèíàëüíûõ óçëîâ.

Êîíåö ïðèìåðà.

Óêàçàííûé íåäîñòàòîê ìîæíî óñòðàíèòü, ïîëàãàÿ, ÷òî ìåòîä (2) ðàññ÷èòàí íà ïðèìåíåíèå
âû÷èñëèòåëüíîé òåõíèêè. Êàê èçâåñòíî [2], â êîìïüþòåðå êàæäîå ïîëîæèòåëüíîå âåùåñòâåííîå
x õðàíèòñÿ â âèäå öåëîãî ÷èñëà ïîðÿäîê(x) è âåùåñòâåííîãî ÷èñëà ìàíòèññà(x) òàêèõ, ÷òî:

x = 2ïîðÿäîê(x) · ìàíòèññà(x) è 0.5 ≤ ìàíòèññà(x) < 1.

Îòñþäà ñëåäóþò ðàâåíñòâî (3) è âûðàæåíèå (4)

ln(x) = ïîðÿäîê(x) · ln(2) + log1p(ìàíòèññà(x)−1) (3)

ln(x) ≈ ïîðÿäîê(x) · ln(2) +Rlog1p(ìàíòèññà(x)−1; δ). (4)

Âåëè÷èíà ln(2) � èçâåñòíà çàðàíåå, ïîýòîìó â (4) îñíîâíàÿ òÿæåñòü âû÷èñëåíèÿ ïðèõîäèòñÿ
íà Rlog1p(u; δ). Íà ÿçûêå C++ (ñ èñïîëüçîâàíèåì áèáëèîòåêè Math.h) âû÷èñëåíèå âûðàæåíèÿ
(4) âûãëÿäèò òàê:

const double Delta = 0.001;

double Rlog1p(double X) { if (abs(X) <= Delta) return X;
double Z = X/(X+2);
return Rlog1p(Z) - Rlog1p(-Z); }
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double Rlog(double X) { int N;
double U = frexp(X,&N); // U=ìàíòèññà(X), N=ïîðÿäîê(X)
return N * 0.693147 + Rlog1p(U-1); } // ln(2)=0.693147

Ñòðîãî ãîâîðÿ, â âûðàæåíèè (4) àðãóìåíò u íàõîäèòñÿ â ïðåäåëàõ îò −0.5 äî 0. Îäíàêî â
õîäå ðåêóðñèâíîãî âû÷èñëåíèÿ â ïîäçàäà÷àõ ìîãóò âîçíèêíóòü è ïîëîæèòåëüíûå àðãóìåíòû,
âïðî÷åì èç ñâîéñòâà 3 ñëåäóåò, ÷òî âî âñåõ ïîäçàäà÷àõ |u| ≤ 0.5

3. ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ

Ïðèíöèïèàëüíûé âîïðîñ, ñâÿçàííûé ñ èñïîëüçîâàíèåì âûðàæåíèÿ (4), ñîñòîèò â âîçìîæ-
íîñòè âû÷èñëåíèÿ ëîãàðèôìà ñ çàðàíåå çàäàííîé òî÷íîñòüþ. Â íàñòîÿùåì ðàçäåëå áóäåì èã-
íîðèðîâàòü ïîãðåøíîñòè âûïîëíåíèÿ àðèôìåòè÷åñêèõ îïåðàöèé, ïîëàãàÿ, ÷òî ïîãðåøíîñòü
âîçíèêàåò òîëüêî â òåðìèíàëüíûõ óçëàõ âû÷èñëèòåëüíîé ñõåìû ïðè çàìåíå Rlog1p(x) íà x.
Ïðè òàêîì ïîäõîäå òî÷íîñòü âû÷èñëåíèÿ ëîãàðèôìà öåëèêîì îïðåäåëÿåòñÿ òî÷íîñòüþ âû÷èñ-
ëåíèÿ Rlog1p(x) äëÿ |x| ≤ 0.5.

Äëÿ îïðåäåëåíèÿ îáùåé ïîãðåøíîñòè íåîáõîäèìî îöåíèòü:
�1� ïîãðåøíîñòü âû÷èñëåíèÿ â îäíîì òåðìèíàëüíîì óçëå; BB câîéñòâî 4
�2� êîëè÷åñòâî òåðìèíàëüíûõ óçëîâ. BB ñâîéñòâî 5

Ñâîéñòâî 4. Äëÿ |x| ≤ δ ≤ 0.5 ñïðàâåäëèâî íåðàâåíñòâî 0 ≤ x− log1p(x) ≤ 1
2(1−δ) x

2.

Ñâîéñòâî äîêàçûâàåòñÿ ñòàíäàðòíûì èññëåäîâàíèåì ôóíêöèé f(x) = x− log1p(x) è
g(x) = 1

2(1−δ) x
2−f(x) íà ìîíîòîííîñòü è ýêñòðåìóì. Ñâîéñòâî èëëþñòðèðóåò ðèñóíîê 2.

0.25

−0.5 −0.25 0.25 0.5
0

y

x

x−log1p(x)

10x2/1110x2/11

+δ−δ

δ = 0.45 1
2(1−δ)

= 10
11

Ðèñ.2 Ãðàôèêè x−log1p(x) è 1
2(1−δ) x

2 äëÿ δ = 0.45

Â òåðìèíàëüíîì óçëå:
� ïîãðåøíîñòü âû÷èñëåíèÿ åñòü âåëè÷èíà x− log1p(x);
� ñîáëþäàåòñÿ îãðàíè÷åíèå |x| ≤ δ; è èç ñâîéñòâà 4 âûòåêàåò

� îöåíêà ïîãðåøíîñòè: 0 ≤ x− log1p(x) ≤ 1
2(1−δ) δ

2.

Ñâîéñòâî 5. Åñëè äëÿ íåêîòîðîãî k, k ≥ 0, èìååò ìåñòî − 1
2k+1

≤ x ≤ 1
2k+1

,

òî − 1
2k+1+1

(a)

≤ x
x+2

(b)

≤ 1
2k+1+1

, è, ñëåäîâàòåëüíî,
∣∣ x
x+2

∣∣ ≤ 1
2k+1+1

.

Äëÿ äîêàçàòåëüñòâà ñâîéñòâà îáîçíà÷èì: A
def
= 1

(2k+1+1)(x+2)
. Ïðè âñåõ |x| ≤ 0.5 è k ≥ 0

ñïðàâåäëèâî: A > 0. Äîêàçàòåëüñòâî ñâîéñòâà ñîñòîèò â èññëåäîâàíèè äâóõ ñëó÷àåâ.

Â ïåðâîì ñëó÷àå, êîãäà 0 ≤ x ≤ 1
2k+1

, è, ñëåäîâàòåëüíî, 1− x2k ≥ x ≥ 0, èìååì:

íåðàâåíñòâî (a) î÷åâèäíî,
íåðàâåíñòâî (b) ñëåäóåò èç 1

2k+1+1
− x

x+2 = A(x+ 2− x2k+1 − x) = 2A(1− x2k) ≥ 0.

Âî âòîðîì ñëó÷àå, êîãäà − 1
2k+1

≤ x ≤ 0, è, ñëåäîâàòåëüíî, (2k + 1)x+ 1 ≥ 0, èìååì:
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íåðàâåíñòâî (b) î÷åâèäíî,
íåðàâåíñòâî (a) ñëåäóåò èç x

x+2 + 1
2k+1+1

= A(x2k+1+x+x+2) = 2A
(
(2k + 1)x+ 1

)
≥ 0.

Óòâåðæäåíèå. Äëÿ |x| ≤ 0.5 è n > 0 ñïðàâåäëèâî íåðàâåíñòâî

|log1p(x)−Rlog1p(x; 2−n)| ≤ 1

2(1−2−n) 2
−n.

Äîêàçàòåëüñòâî. Îáîçíà÷èì xi ïðîèçâîëüíûé àðãóìåíò i-ãî ÿðóñà âû÷èñëèòåëüíîé ñõåìû
Rlog1p(x; 2−n).

Ïîñêîëüêó x0 = x, òî |x0| ≤ 1/(20 + 1).

Ñîãëàñíî ñâîéñòâó 5 |x1| ≤ 1/(21 + 1).

Àíàëîãè÷íî |x2| ≤ 1/(22 + 1).

è ò.ä. |xn| ≤ 1/(2n + 1) ≤ 2−n � óñëîâèå òåðìèíàëüíîñòè óçëà.

Òî åñòü íà n-îì ÿðóñå âû÷èñëåíèÿ ìîãóò ðàñïîëàãàòüñÿ òîëüêî òåðìèíàëüíûå óçëû, à çíà÷èò
n � ìàêñèìàëüíî âîçìîæíàÿ ãëóáèíà âû÷èñëèòåëüíîé ñõåìû. Ñîãëàñíî ñâîéñòâó 4 ïîãðåøíîñòü
â êàæäîé òåðìèíàëüíîé âåðøèíå íå ïðåâûøàåò 1

2(1−2−n)
(2−n)2. Â áèíàðíîì äåðåâå, êàêîâûì

è ÿâëÿåòñÿ ñõåìà âû÷èñëåíèÿ Rlog1p, êîëè÷åñòâî òåðìèíàëüíûõ óçëîâ T è ãëóáèíà n ñâÿçàíû
ñîîòíîøåíèåì T ≤ 2n. Òàêèì îáðàçîì, ñóììàðíàÿ îøèáêà âû÷èñëåíèÿ log1p(x) � âåëè÷èíà
T 1

2(1−2−n)
(2−n)2 íå ïðåâîñõîäèò 2n 1

2(1−2−n)
(2−n)2 = 1

2(1−2−n)
2−n.

Óòâåðæäåíèå äîêàçàíî.

Âîçâðàùàÿñü ê èñõîäíîé çàäà÷å ïðèáëèæåííîãî âû÷èñëåíèÿ ëîãàðèôìà, ìîæíî óòâåðæäàòü,
÷òî äëÿ ëþáîãî x > 0 âûïîëíÿåòñÿ íåðàâåíñòâî

|ln(x)− h| ≤ 1

2(1−2−n) 2
−n, ãäå h = ïîðÿäîê(x) · ln(2) +Rlog1p(ìàíòèññà(x)−1; 2−n).

4. ÇÀÊËÞ×ÅÍÈÅ

Êîìïàêòíîñòü è ïðîñòîòà ðåàëèçàöèè îïèñàííîãî àëãîðèòìà ïîçâîëÿþò íàäåÿòüñÿ, ÷òî îí
íàéäåò ïðèìåíåíèå äëÿ öåëåé îáó÷åíèÿ, à òàêæå â êà÷åñòâå "ñïàððèíã-ïàðòíåðà" ïðè òåñòè-
ðîâàíèè òðàäèöèîííûõ àëãîðèòìîâ âû÷èñëåíèÿ ëîãàðèôìîâ.
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A recursive algorithm for the logarithm evaluation

M.S.Salnikov

We propose recursive algorithm for evaluating the natural logarithms. This algorithm is based on formula

log(1+x)=log(1+x/(x+2))−log(1−x/(x+2)).

KEYWORDS: algorithm, logarithm, recursion, precision.
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